


CONSTRUCTTVE MATHEMATICS AND COMPUTER PROGRAI{MING

Pcr Mart ln-L6f
Unlversl ty of  Stockholn,  Stockholu,  Srcden

trd et thc G-th
d ?l i loeophy of

f r ternet lonal  Congroca
Solonoc, Hannov€r ,  Zz

for Loglo,  Mcthod-

- 29 August tg7g,



1.

Durlng thc pcrtod of a blt loro than thlrty ycars that has

clapsed stEec the f l rst  e leotronlc colputcrE tere bul l t ,  progran-

rlng languagea have developed fron varlous raohlnc codeg and

aracrbly languagee, nor rcfcrcd to as lot lcvel languagcs, to

hlgh levcl languagca, I lkc FORTRAN, ALGOL 60 ana 68, LfSP and

PASCAL. The vlr tuc of  a rachlne code ls that  a progran rr l t ten

ln l t  oan bc dlreot ly rcad and crcouted by the naohlne. I te tcak-

acss le that  tho atruoture of  the eodc rcf leets thc r t ruoture of

the rachlne so elocely ae to nake l t  unugablc for  thc lnstruot lon

of auy other naohlne and, rhat ls norc ser loug, vcry dt t f toul t

to underctand for a huran rcader, and therefore Gmor prone.

t t th a hlgh level  language, t t  ls  the other tay round. I tg reak-

DeaE le that  a progran rr l t ten tn l t  has to bc oonpl lcd,  that  ls ,

t ranslatcd lato the oodc of  a part toular laohtne, bcforc t t  can

bc ereoutcd by 1t .  But one ls anply ooi lpensated for thtg by hav-

tlg a language tn rhloh the thought of thc progranncr can bc

erprossod r l thout too nuoh dlr tor t lon and underctood by soncone

rho knors ncrt to nothlng about' thc gtruoture of the hard;ars,

Dut doee knor sore Elgl teh and aathcrat toe. The dlgt lnet ton

bctrcen lor and hlgh lcvel progrannlng languagct ls of oourrc

rolat lvc to aval laDlc hardtarc.  I t  ray tc l l  be poeetblc to turn

rtat tg nor regardcd as a htgh level prograrnlng languagc lnto

rrohlne oodc by the tnventlon of nor hardrarc.

Paral le l  to the developnent f ron lor  to hlgh levcl  progran-

r t r l  languagcs, thcre has been a change ln onetg underetanding of

t lo prograulng aot lv l ty t tscl f  .  f t  used to be lookcd (dorn) upon

.r  thc ratbcr !c!sy Job of  lnatruot lng th ls or that  phyeloal ly

dr3tr j  raohlne, by ounnlng tr lokc,  to pcrforr  oorputat lona. l
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tagks vldcly suraaeslng our otn phyeieal  poters,  eonething that

r lght  appcal  to people r l th a l lk lng for  orossrord puzzlee or

ohees problons. But l t  has grorn lnto the dtsolpl lne of  dcslgn-

lng progrars for  var lous (nuncrtoal  ae te l l  ae nonnurertcaf)

conputat lonal  taeks,  prograns that have to be tr l t ten ln a for-

lat ly prcolsc notat loa so as to a 'dr l t  of  autolat la crccutton.

Xhether or not naohlnee have bacn but l t  or  oonpi lers have becn

rr l t ten by rcans of  rh loh they oan bc phyeloal ly lnplenentcd le

ef  no luportanoo aa long ae queot lons of  cf t lo icncy are lgnorcd.

lhat  lat ters 1e lerely that  l t  has bcen la ld dorn prcolsely hor

thc prograro arc to be creeuted or, rbat arounts to the sano,

tbat l t  haa bcon spcol f tcd hor a naohtne for thc ereout lon of  the

pregrars rould bave to funotton. Thla ehangc of progrannlng,

rhloh DtJkatra ( l  ntcotpl tne of  Prograrntng, Prcnt lcc-Hal l ,

Brglcrood Cl l f fe,  N. J. ,  1976r g.201) has ouggeatcd to f lx  tcr-

r lnologloal ly by sr l tohlng fror oorputer solenoe to oonput lng

rolcnec, rould not havc bcen poselblc t l thout the oreat lon of

htgh level  languagcs of  a guff to lcnt ly olean logloal  etruoture.

lt bas radc progranrlng an aotlvlty akln 1n rlgour and bcauty

to that of provlng rathenatloal theorerg, (tUfs analogy 1g f! t
I] ,  ;

rotual ly eraet ln a sonao vhloh r l t t  bcoone olear belon.)  { l l ;

tb l lc  latur lng tnto a goiense, progrannlng has dcveloped

r eoDccptual  naohhory of  l tg orn tn rhloh, beeldee the not lon

of prograr t tsel f ,  thc not lona of  data struoture and data type

.oopy ocntral posltlons. Evcn ln FORTRAN, there torc tro typco

of vrr lablcc,  nenely lntcgcr and f loat lng polnt  var lables,

3lr  typc of  a var laDle bctng deterntncd by t ta tnt t la l  let tcr .

tr AI6OL 5O, thcrc ras added to the tro typee lnteger and real
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the th l rd typc &g!gr and the asoociat lon of  the typee t l th the

var lablGo tas nad€ both [oro praot loal  and loglcal  by neans of

type dcclarat lons.  Holever,  l t  lae only through l loare's Notee on

Data Struotur ing (0.- .1 .  Dahl ,  E.  W. DlJkstra and C. A. R. Ho&re,

Struotured Prograntr inE, Aoadenla Press,  London, t972, PP. 83'174)

that tbc not lon of  type rae lntroduced lnto progrannlng tn a 8y8-

tGnat lo ray.  fn addl t lon to the three typee of  ALGOL 60, there nor

appoared types dcf tned by enutrerat ion,  Cartoolan produotsr dls-

or i l lnated unlons, array typee, poter types and var ious reeursively

deftned typce. AII  these ncr lorna of  data types tere subsequent ly

lnoorporated into thc programnlng language PASOAL by Wlrth (f 'no

progranr ing language Pasealr  Aeta Infor:nat loat  Vo1. 1 '  1971,

pp. 55-05),  The lef t  oolutrn of  the fo l lor lng table,  lh loh ehcrs

s.Ee of  the lcy lot lons of  progranr lng and thetr  nathenat lcal

eounterparts,  uses notat lon f ron ALGOL 6O anO PASCAL.

Prograralng Matheaat les

t ,

progran, prooeduro,

lnput

output,  r€sul t

s.q"1t  '2

l f  B then st

rt l le B do S

algor l  thn funot ion

argunent

value

X=O

oonposl t lon of  funct lone

dcftnl t ton by oasce

def ln l t lon by reourslon

else

da3r r t ruoturc clenent,  obJeot
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data typc

valuc of a

set,  typc

data type clcnent

a type

a €A

z

B

of a eet,  obJcot of

A:A

lntegcr

rcal

Boolcan

( et ,  .  .  . ,  orr)

array frl or t

rcoord ! .3 T.  it  r -

rooord oEao I :  (or ,  az) of

oz,  ("gr Tz) cndclr  ( r t !  T1) l

r r t  cf  t {0, +n, r-+{0, +

Ar oan bc soen fror thle tabler ot fror rooent progranutng

3rr t r  r t th thelr  l l t t lc  enlppets ,of  set  thcory prefaoed to the

aarrcrpondtng programtng languagc oonotruotlons, thc rholc oon-

o.DtEal apparatur of prograrnlng rtrrors that of nodern nathe-

-3lo!  
(aet  theory,  that  ls ,  not  fgolctry)  ard yct  tc suppoaed

to Do dl f fcrcnt  f ron l t .  Eor oorc? the rsason for th le our loue,1

dtrr t lon tE,  I  th lnk,  that  thc nathclat toal  not tons havc graaY

rl fy rcoctvcd an tntcrprctat lon,  thc lntcrprctat ton rhloh rc

r i r r  3o ar oleer loal ,  rh loh rakc!  thcn unurablc for  progral l tng.

i r t r to l l  I  do not nocd to cntcr  thc phl loeophloal  dcbatc aB to

r- t |cr  tho r lassloaI lnterprctat lon of  the pr lnt t lvc logloal

to, +
{or,  . .  . ,  orn]

"Zr TZ end

Tr,  r  + T

T1XT2

Tr+T,
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and lathonat loal  Eot lons (proposl t ton,  t ruth,  set ,  e lenent,  funo-

t lon eto.)  f "  suf f le lent ly olear,  Deoauee this nuch ls at  lcaet

clear,  that  t f  a funotton 1s def lned 8s a btnary relat lon eat ls-

fy lng the ueual  cxtatenoe and unic l ty oondl t tone, thereby clas-

sloal  rcasonlng ls al loted in the existenoe proof,  or  a set  o l l

ordorcd palre sat tefytng the correspondlng oondl t lons,  then a

funot lon oannot be the sane klnd of  tb lng as a conputer progran.

Slnt lar ly,  l f  a set  ls  underetood ln Zertelots tay as a nenber

of  the ourulat lve hlerarohy, then a set  oannot be thc sane klnd

of th ing as a data type.

Nor,  t t  la the content lon of  the tntul t loniste (or con-

etruot lvtste,  f  shal l  use these terns synonynously)  that  the

baglo rathenat leal  not lons,  above al l  the not lon of  funct lon,

ought to bc lnterpreted ln suoh a tay that the oleavage betreen

rathenat los,  o lassloal  nathcnat lcs,  that  tg,  and progranrtng

that ro arc r l tnesslng at  preoent dloappeare. In the oasc of  the

rathenat loal  not lons of  funot lon and act ,  l t  te not go ruch a

qncst lon of  provldlng then t l th not ncanlngs ae of  restor lng old

onco, rbercae the logioal  not lons of  propoett lon,  proof,  t ruth

cto.  are glvcn genulnely ner lnterpretat lone. I t  ras Brourer

r to rcal lzed the nceceel ty of  so dolng: the t ruc sourcc of  the

rnoorputable funot lons of  o lagsloal  nathenat los 1s not thc ar lom

of choloe (rhtch ls val ld lntul t lonlgtLcal ly)  but  the lar  of

rrc ludcd nlddle and the lar  of  tndlrcct  proof.  Had l t  not  been

porr lb lc to lnterpret  the logteal  not ions ln suoh a way as to

rr l , ldatc the ar lou of  oholoe, the prospeots of  oonotruot lve

rthaat lce rould havc becn dtsral  .

?hc dl f ferenee, then, bctrecn oonstruottve nathenat lcs and

;rrgrautng does not oonoern the pr ln i t lve not lone of  the one or
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tbe othcr,  beoause they arc eggcnt la l ly  the saEe, but l les in the

prograt ter ts lnsletcnoe that hls prograns be rr l t ten in a fornal

lotet lon so that they oan bc read and erecuted by a nachlne,

rhercrs,  t [  construct tve nathenat ice ac praot ised by Blshop

(?crndrt lone of  Conetruct lve Analyels,  MoGrar-Hl . l t ,  Ncr York,

t96;) .  lor  curplc,  the corputat lonal  proccdures (prograns) are

rrr l ly  l r f t  l rp l lot t  ln the proofe,  so that conslderablc fur-

Lts. l  
- t t  

l r  rccdcd tr  br lnq ther tnto a forn rhloh nakcs then

?tr  t r  * !er l  creotSlon.

lb l  t  fer  , . . r  . . td rbout the eloee conneot lon betrecn oon-

ell ;a 
--rBlc. 

.- tro3nrlDr crplalne rhy the lntuit lon-

I  

-  

|nF taa latr t l3torr . t tc lhcor ' : f  of  types: predlcat lve

G. fF 
- l ler  

' t .  tat3.a t '  E.  B.  lorc and J.  C. Shep-

I I f  
- l>fb*In- 

r- r t . ' f , t .  t9: t .  t t .  i t -118),  rh lch I  began

r 
-ht  

tx.Glr  . | t rD t-  t r t  loo. tate. l  Dstve of  c lar l fy lng che

an 
- t  

r - t l r  r t  t . t . t t t . r l r t :e rr ihcrat lcs,  tEy cqual ly

-E: 
b t"-  . .  a tE t (3r l r : r3 luguage. But for  a fer  oonoludlng

trr tsL.  r . -  r?.? of  r .? rr l t  r t l l  ba dcvoted to a fa l r ly  conplcte,

.Jtstr  drntd.  lorer lgr toa of  thts language, enphaslztng l ts

.F. t  t . f  t ro( : ' - lEt  lanquage. As auch, l t  resenbles ALGOL 69

- 
?trs€l :  : : r  i ' . !  typtng fael l t t ies,  rhereae the way the progranE

.rrr  r r ! t t . .  ead 
"roeuted 

rakea l t  nore rer ln lscent of  Lrsp.

?lo . r t rcrr lone of  the theory of  types are forned out of

r ! r : . f  I  
" t

x,  Yq z,  . . .

ts t rar  of  var lous foms of  c lprcaston

(Frr ,  .  .  . ;xr , )  (at ,  .  ,  .  ra")  .



fn an clprcssion of  such a forn,  not  a l l  of  the var iables

t t ,  . . . ,  r '  need becone bound ln al l  of  the parts t l r  . . . , . r .

Tbue. for  eaeh forn of  expreeston, i t  nust  be la ld down what

vertables bceone bound tn what parts.  For eranple,

br.\ rdxt
:.  r  ?on of  axprerelon ( t r ) (arbrf)  v i th n = J and n = 1 rhleh

l- ! t .  r l l  ?rec oeeurreDoes of  the s lngle vartable r  in the th i rd

F--: 3 l.ta

*. ,

. l?. l .9 GtFrts:rr  : - !  t -? t : : : -  I  '  2 and n = t  rh ich binde

G:b r? ' - ! .  t r ' " : rD:o t  : !  : ,he lceond Fart  f  ,

t 13:

f t { -  G

l l t t l

l f - :  f  Qrtrr ts:n.  - t  tn l iQr.r  Dola! i , t : : .  eanonleal

3l  -a f - -  ?r .  - r  et l - : r : r1.  r l :  e! ' .  l9 'he sAme 8s

! |  
- : tF-? 

u rr l lo ?tr t .  : r  deetral  ar i thnet le.

-  
r l l ts . -_ 

- l r -  
. r : rarr : r ! t .  rhereat

,  . ,  a10
!- t .  : . : .  ?- .  1 ' .  1O^- r  . . .

r - - !  
- :  

l !  r - l : ' . : . r r :  lv  iarred expresslon need not have a value,

h ' .  -? r t  " r r r?! ! :oa has a value, tben that value ig neeessar l ly

-ral f i -  : : : t  ray be expressed by saylng that evaluat lon ls

-  r r : r : r r t  lban yeu evaluate the value of  an etpreaeton, you gct

:L:  vt ]nc brcf  .

I r  tbc lhcorT of  types, l t  r lepende only on the outetTost
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forn of  an crprcselon rhether l t  is  canonlcal  or  not.  Thus there

arc ocrtaln for ts of  e lprceeton, rhleh I  ahal l  cal l  eanonloal

?olre,  suoh that an Glpresaton of  one of  those forms has l tsal f

ae valuc,  8nd there are other,-noncanonical  forns for  rvhich 1t

ls latd dotn ln sene other t"ythot.r ,  expression of  such a forn

1g cvaluated. What f  oal l  canonlcal  and noncanonloal  forns of

crpreealon eorr€spond to the conotructors and scleotors,  respeo-

t lvely,  of  Landln ( fnc neehanlcal  evaluat lon of  expreselons,

Coaputer Journal ,  Vol .  5,  f96\r  pp.  IO8-J2O).  In the oontert  of

prograrr lng,  they nlght aleo.,qpt ly be oal led data and progran
o

for:ns,  rotpoct lvely.  Thc tab\erbelor dtcplaye the pr ln l t lve fonns

of orprcselon uscd ln the theory of  typce, the oanonloal  onea to

the lcf t  and thc nonoanonloal  oneb to the r lght .  Net pr ln l t lve

1(a),

r

o(a)

(Er,y)(o,d)

(  Dx,y) (  c,  d,  e)

J(o,d)

no(o)

n,  (  o,  oo)

nr(crogrol)

r t '

12'

ot

o2' 1z

forng of  cxprcsslon ray of  oour ' lo Uc aAba rhen there ls necd

of thcr. 3
Canonioal Nonoanonloal

(  \ r )u

( a 'b)

J (b)

(T[r € A)8,

(Zr € A)8,

A + B,

I(A,arb),

ro
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afo,N,

(rr€A)8, !up(arb)

UOt Ul t  . . .

(B*,y)  (  o,  d,  e)

(Tt , f ,z)(o,d)

lhe oonventlons as to rhat varlables beoere bound ln rhat

pertc are a3 fol lore.  Pree ocourrcncec of  r  ln B beoole bound 1n

(Tl-r  € A)B'  (Zr €A)B ana (rx €A)8. Frec ooourrences of  r  tn b

Dcoore bound tn (  \ r ) t .  Free ooourrenceo of  r  and y tn d beoore

bound ln (n.ry)(or, l ) .  Froc ooourrencer of  r  ln d and y ln e

bcoore bound 1n (prry)(ordrc).  Free ooourr€noes of  r  and y ln e

Dcoone bonnd ln (Brry)(ererc).  And, f lnal ly,  f ree ooourroncor

. t  r ,  y and z 1r d bcoore bound ln ( f t ryrz)(ord).

Erprerrlons of the varloug for.rs dteplaycd ln the table are

rrrhated aooordlng to tbc f  o l lor tng nr lce,  f  uec

t(ar t . .  .  r^n/r t r . .  .  r \ )

to dcaote the recul t  of  r lnul taneously eubot l tut lng thc erpres-

l lorr  l r r  . . . ,  a '  for  ths var l t rb lee rrr  . . . r  to ln the erpro!-

rI 'oa b. Subetltutlon tr thc prooers rbereby a progrer tr aupplled

631 1tr lnput data, rhtoh necd not ncoeacarlly be ln cvaluatod

ton.

lr  c:proealon of oanonloal forr baa l tgelf  as value. Thts

b r lrcady been lnt lnated.

?r orcoute a(a),  f t r r t  cxcout€ o.  I f  you get ( t r r )b as

nl3, tbcn oontlnue by exeoutlng b(a/r).  Thus o(a) has value d

l l  o lu valuc ( t r r )U and b(a/r)  har value d.

?o rrcoutc (grry)(ort l ) ,  f  l r r t  otcouto o.  f f  you tet  (arb)

L-

I,1
I
'I

{
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er rcrul t ,  then cont lnue by exeeuttng d(arb/zry)

has value e l f  c has value (arb) and d(arb/x,y)

To cxeoute (Dxry) (  o,  d,  c)  ,  f  i rct  e lecute c.

,  Thug (nr,y)(crd)

has value o.

r f  you get 1(a)
as rcsul t ,  tben eont lnue by cxeout lng a(a/r) .  r f ,  on the other
hand, you get J(b) ao reeul t  of  exeout lng o,  then cont lnue bf
erccnt lnt  e( l /v)  instead. Thus (nxry)(or<lre) hae value f  l f
e l ther o has valuc t (a)  and d( a/x)  has varue f ,  or  c has value

J(b) ard e(b/v)  hag vatue f  .
)

Te eleoute J(ord),  f  t ret  rxeoute o.
theu coat lnue by creout lng d.  Thus J(c,d)
value r  and d has value €.

f f  you get r  aE reeul t .

has value e l f  o has

lo ereoutc Ro(orcor. . . rop_1),  f l rst  crecute o.{  r f  you get ro
as reeul t  for  gone !  .  o,  . . . ,  D-1,  then cont lnue by excouent cn.
Thus Rrr(eeGgr. . . rco- l )  has valrre d t f  o hae valu" o.  ana ofnas
value d for  cone t  r  o,  . . , ,  D-1.  rn part lcurar,  no(o) hae no
valuc.  f t  oorrespondl  to tbc ctatc lent  )

abort

lntroduoed by DlJkatra ( .1,  oreolpl tne of  progrannlng, p.  26),  The
pelr  of  forrs o,  and Rr(o,oo) together operate tn eraotry the
rarc ray ar the palr  of  forns r  and J(o,d).  To have then both ln
tbe languagc oongt l tutes a rcdundancy. nr(crcOrGl)  oorreaponde to
the ueual  oondl t lonal  etatenent

gB then sr 9$9 st

rad Bo(croo). . . rcn-1) tor  arbt t rary n -  o,  l r  . . .  to the state-
rcnt

r l th e r lo torr  51,  . . . ,  on:  tn] ,
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lntroduoed by Eoarc (Notcr on Data Struotur lng,  p.  ILr)  and rcel-

lzcd Dy f, lrth tn PASCAL ae the oasc gtatenent

Gasc c ol o l r  St i  . . . i  oo3 sn 4.

To crceute (Btry)(ordre),  f t ret  c lcoute o.  f f  you get o ao

rceul t ,  then cont lnuc by exeout lng d.  I t ,  on thc other handr You

gct ar aE rcsul t ,  thcn oont lnne by creouttng c(ar(nrry)(ard,o) / r 'V)

l r r tcad. l lhus (nrry)(ordrc) haa valuc f  l f  e l ther o has value O

and d has valua l ,  or  o has value at  ard c(a,(Rrry)(ardrc)/xrv)

hae valuo f .  The olorcgt analogue of  thc reourgton forn

(nrry)(o,drc) 1r t radt t lonal  prograrnlng languagce 1c the rc-

pct l t lve statcncnt forn

rhl lc B do S.

To orcoutc (rrryrz)(or i l ) ,  f  tJst  creouts o.  I f  rou gqt

aup(arb) at  rceul t ,  then oont lnue by creout lng d(art ,  (  F")

(Trryrz)(b(v),a)/x ryr . l .  Thug ( ' r t ry,z)(o 'd)  hag varue c t f  o has

valuc eup(arb) and d(E,b,(  \v)(r t ,y 'z)(b(v),d) / r ry,z)  haa valuo c.

thc t ransf ln l te reourslon forn (Trryrz)(ord) hac not yct  found

any appl toat tore tn prograrntng. I t  hacr Et far  as f  knor,  no

oountcrpart ln othcr prograntng languagce.

lhc t radl t lonal  ray of  evaluat lnt  an art thnct loal  erprceslon

lr  to cvaluatc the parts of  the erpreselon before thc erprecelon

Itecl f  ls  evaluatcd, aa ghovn ln thc fo l lor lng cranplc.

( r*2)t . l
\-\t-.-'

5
\_YF./

1go
\---\---l

t80

!
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Thus, t radl t tonal ly,  oxproreioni  are evaluated fron wtthin,  rh leh

tn progranrnlng has ooro to be knorn as the applloattve order of

evaluat lon.  f ,hen erpresalons are evaluated ln th l l r  ray,  l t  ls

obvtous that an erpregelon oannot havo a value unless al l  t ts

parte have values. Moreover,  as tas expl ic l t ly  etated as a pr in-

otple by Frege, the value (Cer.  Bedeutung) of  an expreeslon

depends only on the valueg of  t t ,s parts.  In other rords,  t f  a

part  of  an erpresslon 1s replaced by one whtch has the sane value,

the value of  the whole expreselon le lef t  unaffected.

When vartablei  b lndtng forae of  erpreaslon are lntroduced,

aB they are in the theory of  typee, l t  ls  no longer poselble,

ln gencral ,  to evaluate the expreasions fron wlthln.  To evaluate

( \ r ) t ,  for  eranpler rc would f l rst  have to evaluate b.  But b oan-

aot be evaluated, ln general ,  unt l l  a value hae besn aeeigned to

the var lable r .  fn the theory of  typee, th ls dl f f loul ty haa been

ovsroone by reverslng the order of cvaluatton: lnstead of eval-

uattng the erpreaslona fror r t th ln,  they are evaluated fron wtth-

out.  lhts 1s knorn as head reduotton tn oonblnatory loglo and

nonal  order or lazy evaluat lon ln progrannln6. For exanFle,

( l  r ) t  is  ctnply asalgned l tsel f ,  ae value. The tem La;zy ls

approprtate atnee only ae fot  c,rmputat ton eteps are perforned as

rre abeolutc ly nocesrary to brtng an €rpresslon tnto oanonloal

forn.  Foreyer,  rhat  turna out to be of  no algnl f loanoe, t t  ls  no

lceger the aaae that an oxproselon oannot have a value unless al l

t t r  parte have values. For eranple,  ar  has i teel f  ae valuc even

tf  a hag no value. t rhat  1g s lgnl . f toant,  though, la that  the pr ln-

r lp lc of  Fre3ctr  referred to above, nanely that  the value of  an

cgrcralon depcnds only on the values of  t ts parte,  ts l r retr lov-

ils.'{F
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ably logt .  To lakc thc language rork ln epl tc of  th la loss hae

been one of  the nost ser loug t t t f f leul t ies ln the deslgn of  the

theory of  typea.

So far,  f  havc lerely dlsplayed the var io 'us forms of  exprcs-

elon ueed ln the theorT of  types and explalned hor erpreseions

oorpoeer l  out  of  thosc forns are evaluatcd. The inferent la l  orr

as one says ln aonblnatory lo81o, l l lat lve part  of  the language

oonslste of  ru les for  naklng Judgrents of  the four forue

A ls a type,

A and B are equal  typee,

a 1g aa obJeot of  type A,

a and b arc oqual  obJcote of  type A,

rbbrcvlatcd

A typc,

A=Br

a € A '

a = b €A,

rclpcottvcly.  A Judgrcnt of  any onc of  thcsc forns ls ln gcncrel

Spothct loal ,  that  1g, nadc under aeeurpt lons orr  to usc the

3rrrtnology of AurottaTH (N. G. de BrulJn, Thc rathcnatloat lan-

a.r lc AUTOUATE, l tc usagc, and sone of  l ts  cr tcnslons, Sylpoetun

I Autorat lo Dcronctrat lon,  Lcoture Notcs ln Matherat loc,  Vol .  125,

fr l r jer-Ver leg,  Bcr l ln,  t970r Dp, 29-6L),  ln a oontcrt
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I

t

I t€A1' . . . , xn €An

s'reh a context .  i  t  is  a lways the oase that A t  is  a t l rpe,

: I  r  lvre under the preceding assumptions *1 € At ,

€ a_-, .  lhen there ie need to lndicate expl ic l t ly  the as-

- :  r  - :  r  l r -othet lcal  Sudenent,  i t  r i r l  be wr l t ten

!-

t l :  " .

I  :v :a

l3r

r .  € . { . .
.l

.  € , ,

.q.

.  . ,  r r ,  € Arr) ,

. .  rn € An),

I i { )

f r lCr 3l t3t: -

JCr ' ' ' .  : :!I) I:IL

t . fnp rl. -a t" - fs

'?-r" |  : t  r .  : -  r  l ts l  natural  whon thg

r ' -  t - . - r t ' !  .an{uaqe,

;-  taSk)

I  Dr +|!r

*Jfl

: :ud:nent may be read not only

:  . : :  a i l 'Fe (elenent of  the set)  A,

ry5 {""3r C i: !

ryar 
- 

tl'-r--.

I - t

t r

t l

.aa

?t

I t

t '

t  , '

^  t  the I  roposl  t  ton A,
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a is a progran f or the probler ( taat) .L.
I

The equlvalenoc of  thc f t rst  t ro readlngs ls the by nor rel lknorn

oorretpondence betreen propoelttong aEd typee dtsaovered by

CurrT (Conblnatory Log1o, Vol .  f ,  North-Eol land, Ansterdan, L958,

pp. ,12-5t5) and Eorard (nne fornulae-aa-types not lon of  construa-

t lon,  1969),  lhereae the tranel t ton f ro l  the gecond to the th l r r l

te Kolnogoroyte lnterpretat ton (Zur Deutung der lntul t tonlgt lsohen

Logtk,  Iathenat lsohe Zel teohr l f t ,  Vot.  35,  lgtZr pp, 5e-65) of

propot l t lonr aa problers or taake (Oer.  Auf3abc).

The four forng of  Judgnent uced tn the theory of  types

ehould be oonpared r t th the throe forre of  Judgnent ueed (af-

though usual ly not ro oal led) ln standard presentat lons of  f t ret

order predtoate oaloulus,  rhether olaegloal  or  lntut t tontet lo,

nanely

A ls a fornular^

A ls t rue,

a le an tndlv ldual  tern.

the f l rat  of  these oorrcaponds to the fot !  A la a type (proposl-

t lon),  the seoond ls obtalned frol  the forn a te aa obJeot of

type (a proof of  the propostt ton) I  UV Euppresstng a,  and the

3hlrd te agaln obtatned fror the forn a is an objeot of  type A,

3hl .  the by ohooslng for A the typo of  tndtv lduals.

fn erplatning rhat a Judgnent of  one of  the above four forns

l tn l ,  f  shal l  f l ret  l tnt t  rygel f  to aesunptton free Judgrentr .

loc l t  hao been crplalned that reanlngr Cbey oarty,  the crplana-
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f,

t lons oan readl ly be ertendcd so as to oover hypothet loal  Judg-
nentg ae rel l .

A oanontcal  type A ts def lned by presor lbtng how a oanonical

obJeot of  type A ls forned as rel l  ae hor t ro equal  canonloal  ob-

Jeots of  typo A are forued. Thcre ls no l lmttat ton on thts pre-

cor lpt lon eroept that  the relat ion of  equal l ty rhtoh t t  def lnes

betreen oanontcat obJeots of  type A uust Do ref ler ive,  ayt tetr lc

and transl t lve.  I f  tbe rules for  forulng oanonlcal  obJcots as

rel l  a8 equal  oanonloal  obJeots of  a ocrtaln typ€ are oal led the

tntroduot lon l ru les for  that  type, ro may thus eay wttb Gentzen

(Untercuchungen t lber das logteohc Soht leeeren, Mathenat isohe ?,el t -

sohrt f t ,  vol  .  ,9,  I9r4r pp. t76-2Lo, \o l - \ t t ' , )  that  a oanonlcal

type (propoett ton) te deftncd by t te lntroduotton 
" t r { f  

.  F 'or  non-
*

oaaonloal A, a Judgrent of the forn

A ts a typo

roanE that A haa a oanontoal typo at yalue.

t f  a oanonloal  obJeot

"v '  of  type A lg also a oanonloal  obJeot of  type B and, roreov€r ,

oqual  oanonloal  obJoott  of  type A are also equal  oanontcal  obJeota

of type B, and vice vorsa. For arbl t rary (not nsoessar i ly  oanon-

toal)  typee A and B, a Judgnent of  the fon

.caDr that A

Itrlcher thc

tro typo3 to

Let A bc

ArB

and B havc cqual oanonloal typce a! valueg. Thls

e:planatlons of rhat a typc 1g and that tt reane for

bc cqual.

a tlAo. Bcnenber that thls leanr that A dcnotee
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oano!10aI

Jndgrent

tYpe '
of the

*1-

tB,  hae a canonloal  type ao value. Then a

a€A

rcanc that a hae a oanonlcal  obJeet of  the oanonloal  type denoted

by A as valuc,  Of oourEc, th ls erpfJnatton 1g not eonprchenetblc

unlces re knor that  A hac a oanontoal  type as valuc ae rc l l  as

rhat a oanonloal  obJcot of  that  typc l t .  But rc do knor th ls

bcoaurc of  thc preruppoel t lon that A 1s a type: l t  ls  part  of

the def lnt t lon of  a oanonlcatJ4t"  hor a oanonloal  obJeot of  that

typc la forred, and bcnoc ro oannot knor a oanonloal typo tlthout

knorlng rhat a oanonloal obJeot of that type ls.

Let A bc a type and a and b obJeots of  type A. Thcn a Judg-
ncnt of the fora

a g b €. r1,

!can! that a and D havc cqual canonlcal obJoots of thc oanonloal

typs dcnotcd by A ae valucs.  Thls erplanat lon nakcg scnac glnce

A rag preeuppoccd to be a typc,  that  te,  to have a oanontcal  typo

ae value, and l t  ts part  of  thc def ln l t lon of  a oanonical  typo

hot cqual  oanonloal  obJeoto of  that  typG are foned.

Thcce reanlng crplanat lons arc cxtended to hypothet leal  judg-

rcnte by an lnduot lon on the nulber of  aesunpt lons.  Let 1t  be

glven aa prenlsee for al l  of  the fo l lor ing four explanat lons that

that

forr

x,  € A1r . . . r  xr ,  € Ao ts a eontertr  that  tsr  that  A,  le a typct

.  .  .  r  Ar,  ts a typc undcr thc aesunpt lons x,  € A1r

By lnduot lon hypotheotsr !o knot rhat th le teens.

A Judgrcnt of thc forr

""  rn-1 €An-t '
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loan! that

A tyDo (rr€Arr . . . ) :o€Ao)

)

A(r l  1. . .  1za/-1r. . ,  r ro)  typc

provldcd

a, € Ar,

a" a Arr(arr  . .  .  tEo- J l t r  . .  .  r ro-r)e

ud, gft"ot"t,

A(r11.. .  lEoA1r ' . . r r1)  .  A(b1r. , . tbo/zr ; . . .  ; l  )

provldcd

lr ' € L1t-1

a
a
a

ln .  bn € Ao(arr .  . . ; lo-  l / - t r . . .  r rn- l ) .

lhur lt 1r ln tbc neturc of a farlly of typct (propotltlonal funo-

tlon) to bc ertculonal ln tbc tonto Jurt dceorlDed,

Supporc thtt A and B are typer undor thc aoaurptlone

:t  € A1r . . . )  
-o 

€Ao. ' !hcn

A r  E (rr  6 Arr  . . . )  ro €Ao)

lcanr that

A( l l  t . , .e l - / t l )  c o ort)  r  B(et  1, , ' , t ! -a/ / I l r . . . r ro)



provLdcd

rg.

of a fantly of typce

betreen types, 1t  fo l lors

a1 € A1'
ffwI ( .

"n € Ao(ar r . . .  ran-t / r t  r . . .  r rn-1).

Fror th lg def lnt t lon,  thc extenstonal l ty

and tbe evldent t ransl t lv t ty of  equal l ty

as rel l  that

provlded

A(al  t . . .  t rn/ t te. . .1rrr)  .  B(blr .  , ,  rbo/ l r ,  . , .  r ro)

" lobl€A1r

provtded

a(El r . . .  r rn/r t r . . ,1r")  g l ( "1, . , .  ra, . /zrr . . . r ro)

a,  € A1r

"o€

tn = bn € An(at  r . . .  tan-t /xtr . . . r rn-1).

Let A bo a typo under the assurpt lone r ,  € A1, . . . ,  * ,  € An.

a€A (rr€A1, . . . ,  rn6Arr)

reans that

.{"(ar t  .  .  .  ran-t /x1r,  .  .  rx1-1),
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and, torcovor,

8(81r . . .  r^n/r t r . . .  r rn)  r t a(br r . . .  rbn/rr ,  . . .  r r1)

e A(.1r.  " .  ran/xr ,  . . .  r r r )

provlded

"1-b1€A1r

8n = bn € Ao("t  , .  .  .  ran-t /xte . .  '  exrr-1).

Thus, Juet as ln the oasG of a fant ly of  types, l t  ls  tn the

nature of  a funot lon to bc extenelonal  ln the scnso of  y le ld ing

equal obJeota of thc range typo rhen equal obJects of the donatn

typer are subatt tuted for thc vartablcs of  rh loh t t  lc  a funot lon.

Lct A be a typc and a and b obJcota of type A under the

areurpt long 11 € Af  ,  . . . ,  rn € Arr .  Then

aab€A(r,€Ai l  r r ,€Arr)

noana that

a(al  r . . . r rn l t r r . . . r ro)  = b(81r.  . , tao/xrr . . .  rxn)

€ A(81r.  , .  tan/xrr . . .  rxn)

provlded

t1 A1t€

a

€"o
Ar,(a,  t .  . .  t "n- t / t l ,  .  . .  r r r r -1) .
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Ageln,  f ron thts dcf tnt t lon,  tha ortengtonal i ty of  a funct ton

and tho transl t tvt ty of  cqual l ty betteen obJects of  rhatever type'

there follore the stronger property that

a(a1 r , , , tEn/r l r . . . r t r )  = b(blr .  . , rbn/xrr . . .  r rn)

€ A("1,  .  .  . ,ao/xrr . .  . ,xn)

provldcd

"1=b1€A1,

i
8n = br,  € Ao(a,  ) . . .  ran-f /xfr . . .  r rn- t ) .

Thtr f lnlehes ny crplanatlons of rhat Judgnente of the four forrs

ueed lr the theorY of types rcan tn the prosonoe of asgunptlona.

Nor to the rulce of  lnferenoe or proof rulesr 8t  they are

oal led ln progranr lng.  They r l l l  bc prcsented ln natural  dcduot lon

etyle,  rupprcoelng ar uaual  a l l  ageurpt tons other than thoee that

are dlsoharged by an lnfercnoe of the partioular forn under con-

clderat lon.  l [oreover,  l r r  those rules rhoge conoluslon has ons of

the forns a € A and E rc b € A,  only those prenteee r t l l  be cr-

pl lo i t ty ghorn rhloh have thege vety sano forma. Thts ls ln

agrccnent r l th thc praot loe of  r r l t lngr fay,  the rulcs of  d ls-

Junot ion lntroduotton ln prcdtoate oaloulus s lnply

A true B true

AVBtrue AVBtruc

rlthout ehorlrg crpltolt ly the prorleee that A and B arc fornulas.

For eaoh of, the rules of lnferenoe, the reader ts asked to try
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to rakc thc oonolualor evldent to hlrrel f  on the prerupposl t lon

that hc knors thc prer lcee, Thls doee not uean that fur ther

vcrbal erplanations are of no help ln brlnging about an under-

etandlng of  thc rulea, only that  th la 1g not thc plaoc for such

dctal led crplanat long. But therc arc alco oertaln l ln l ta to rhat

vcrbal crplanatlons oan do tben tt oones to Justlfyhg arlors

ard nlcs ol lnfercnoe. fn the end, eve4ybody nust understand

for hlrgcl t .

CETEBAL BULES

Reflcr lvl ty

8€a

ara€A

Syrretry

arb€A

b - 
I  €A

lranr l t lv l ty

a r  b €A b. o €A

A typo

AaA

A.B

BoA

A-B B-G

ApC

a:r  b €A AoB

a = o €A

Equallty of types

a€A A-B

a €B a=b€B



A?A tr$eqe!>
&eg e -kp
-Clt /f&\Jhr

subett tutton 
a' €

( r  e l )
a€A B typo

?" ' -  6 - ' r  ""

^'--.nB 
C =D

>7
2t,

( re
a g o €A B =

s(a/r)  = D( e/x)

c r  o €A

r)
D

n(a/r) typo

a €A

(r<A)
b €E

(x

b=

€A)

d€B

t(a/x)  € B( a/z)

Asrurptton

xeAn xe 4
D

CARTESIAN PNODUCT

ff-forratton

(r€e)
A typc B type

(Tfr € a)s tYPc

T[-tntroduotlon

(r  €a)
b€B

o(a) € B( al t l

t
ce frxtA)B

u(a/r)  a a(o/r)  €B(a/x\

4eA

F7{"/^)r €A

OF A FATII,Y OF TYPES

A=C

[aAee

(r el)
B=D

(Ttr€a)B=(Trxec)n

(x€A)

b = d €B

ffi
9*-/4 4 /*- e.a oP-,* eru-

Tl'-elhlnatlon "4*P*, . lrlr-l /*.-F' vv- c- t4ta
o e (TTr €A)B a € A orf  g(T[rel)n a=,d€A

o(a). f (d)€s(a/x)



GeB
(E/ )

T['-cquari ty

(r€l )

b€B

o(,e > V-J 2\.

4(
?

a€.d

Z -forratlon

(r  €r )
A typc B typc

( Zr € a)B type

l-letroduo'tlon

a €A b €B(a/z)
(a,b) € (Zr €A)E

Z-el l r lnat ton

(r  en)
BgD

(Er €A)B = (Et

a r  o €A b g d €B(a/z)

A=C

€ a)B
'qJ?\*c1)

f -equal I ty

(a,b) B (r , , t )  € (Zr €A)B

oe(Er€A)E
(r€A, y€B)

d e c(  ( t ,y) /z)
(Erry)  (o, ,1)  € c(  c/z)

(r€A, y€B)

G rr  c € (Er el)n d r  f  €c((xrv\ /z)
(nrry)(o,d) I  (Erry)(" , f )  ec(o/z\

a€A b6B(a/t)

(r€A, y€B)

d € c(  ( t ,v) /z l

c4G

e6(TTr€A)B
( (  X:) t ) (a)  .  b(  a/x)  € B( a/r \ ( \ r ) (o(r))  = o € (Tf)r  e l js

DISJOIM UNION OF A FAUITY OF TYPES

a2O
OtAtl-C I eaA--</4

/U 7A-& -; f ' .1 'I

(er,y)((aru),a) = d(a,b/r ,y)  € c(  (a,v) /z)
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+ - fonat lon

A typc B typc

A+Btypc

+ - lntroduot lon

a€A

1(a)€A+B

b€B

J(b)€a+s

-clhlaat lon

DISJOINT UNION OF T;O TYPES

A=C B=D

A+B=C+D

a:r C (A

r(  a)

25.

(Yen)
o : :  h € c(  Jb)/z)

l(o) €A + B

= d €B

J(b) = J(d) €l  + s

b

o €A + B

(r  €A)
i t  € c(  I (x) /z)

( r  er ;
e € c(  J(v) /z)

(nr,y)(o,o,c)  € c(a/z)

(x el)
o=f€A+B d=I€c(t( t ) /z)

(ur,y)  (ord,  e)  s (Dr,y)( f  ,g,n) € c(  a/z\
\

+ -cqual l ty

( :  eE) (y e n)
a €A d € c( t ( t ) /z)  e €c( lk) /z)
(Dr,y)( t (a) ,d,c)  .  d(  a/ t )

(xel)
b€B d€c(L(r) /z)  e

€ c(  t (a) /z)

(ves)
€ c( J(y)/z)

(D:,y)(J(b),d,c)  !  o(b/y)  € c( l (u) /z)
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I  - fonat lon

A typo a€A

t( l ra, t )  typo

f - lntroduot lon

a :c b €A

r € I (Are,b)

f  -e l lntaat lon

IDENTITY REI,ATION

b €A A=C I g o €A b = d €A

I( l ,a,b) a I (C,o,a)

a:  b €.4,

r=r€f ( . l rarU)

o € r (Ararb)

G € I (A,A,b)

a r  b €A

d € c(r /z\  o

J(o,d) € c(  a lz)

ual l ty

a r  b €A d € c(r /z)

. l ( r ,a)=drfc(r /z)

FINITE TYPES

- c € l ( l raru) d = f  €e(r/z)

J(c,d) = J(c, f )  € C(o/z)

No=No

No-foraatlon

to type

Nn-lntroduot lon

rn € Nn (r  .  0,  . . . ,  n-1) tn .  to € No (r  = O, . . . ,  n-1)
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Nn-el  ln lnat ton

o € Nn o,  € c(nn/z) (n = o,  . . . ,  n-1)
Bo(croor. . .  ron_1) e c1 a/z)

c s d €No !  :  d,  € c(nn/z) (n = or . . . ,  n-1)
Bo(orcor. . . ,on_l)  = Rn(drdo r . . .  ra"_p e c Gt")

o,  € C(nn/z) ("  .  or  . . .  ? a-1)
Rn("oroor. . .  ron_l)  -  o,  € C(rn/ni

("  = o,  . . . ,  n- t  )

NATURAL NUMBERS

N-forrat ton

ItI le a typc

N-lntroduot lon

o €t . l

a €l I

a '€ N

N-el ln lnat ton

NrN

ar = bt  € N

Nn-equal l  ty

o€N

O r O €N

a r b €N)

(r
d € c(  o/z)

€N, y ec(x/z))
c € c l r '  /z)

(n: ,y)(ordre) € c(a/z)

( r  €x,
orf  €X d.g€C(o/z) orrh

Y 6 c(  z/z))

€ c(  r ,  /z)
(nr,y)(o,d,e) ' '  (nr ,y)( t ,grh) € c( . / " )



28.

l{-cqual l ty

a€N

(r

d € c(  o/z)
€N, v ec(x/z))

e 6 a(xt  /z)
(Rr,y)(ora,e) = d €c(o/z)

(x€n,
e€

y 6 c(r /z))

c(r t  /z)rr  € c(o/z)
(Rt,y)(at  rdre) .  e(a,(Rr,y)(a,d,e)/xrv)  € c(  a '  /z l

IELLOBDERINOS

W -fonnatton

(rel)
A typo B type ArrC

(x 6l)

B-D

a'

(  r -  €A)B type

- lntroduo t ton

(r-€l )n-(wx€c)D

)
a€A b€B(a/x)+(rx€A)B

eup(a,u) € ( r r  €l ) l l

a = o€A b=d€B(a/x)+(trr6A)B

eup(a,b) = sup(o,d) €(wt€A)B

f,  -e l ln lnat lon

(x €a, y € B+( t r  €A)8, z e (TIv € B)c(v(v)/ r ) )
o € ( t rx €A)B d €c(sup(x,y) /v)

( t r ,y,z)(o,d) € e(o/r)



(x€A' Y€

orc€( f ,x€l )g

B+(wr€A)8, z€(Tfv
d n f  € c(  sup(r ,  y)  /v)

29.

€ B)c(y(v)/ ' )  )

( l t ryrz)(ord) r  ( t r ,y 'z)(c ' f )  € c(o/r)

l7 -cqualtty

(r  € a,  y € B-+(rx eA)n, z € (TTv € n)c(y(") / r ) )
a €a b € B(a/ t ) - t (  r r  e l )n d € c(eup(r ,y) / r )

( ! - ry,z)(sup(art) ,4)  .  d(E,b,(  t r")( t t ry,z)(b(v) rd) / r ry,r)

€ c(  sup( a 'b) / r )

UNIVERSES

Uo-fonat lon

Un la a tYPe

Ur- lntrcduotton

ur, t u'

( r  e r)
l€un g€un

(TT-€A)B€un

{ (r  €^)
a€ur B€un
(Er€^)B€uo

A€I I t  B€Un

A + B €Un

A€Un a€A b€A

A g C €Uo

(r  €A)

B = D€U,,
(TTr€A)B=(Ttr€c)p€un

A o CGUo

(r  €a)
B = D€U"

(Er€A)B r  (Er€c)D €uo

A = C €Uo B g D 6Un

A+B=C+

A r C€Uo I  g

n €un

o€A b 'e d(A

t( l ,a,b) € un t(era' t ) .  f (C,o,d)€Un
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ro€un

xl€ur

:

f ,€ur

(r  €a)
A €UN B €UI
(rr  €A)B €uo

uo€un
a
a

. uo-t € uo

Ur-cllrlntton

t  €Ua
tttc

l€t t !
\A€ur+l

'XO. XO€Un

Nl.N1€Un

a
a

I [ r I {€U,

(r  €r )
A r  C €U. B r  D€Uo
(rr€A)8. (rr€c)D€un

UO.UO€Ur

t
a

ua-1 -  un- l  €ut

I  r  B €Un
lrB

A r  B€Uo

I r  E €Ur*l

An rrerplc rlll daonrtrrtc her thc len3uage rorkr..Lct
thc prcrlrce

A typc,

I  typc (r  € l ) ,

c t tpc (r  €A, t  € B)

Dc alvcr, Itfc thc tbDrcvlatlon



t t .

Cftr € A)B
A.+ B

provlded the vartable r does not ooeur

(Tt-r  € A)(Ey € B)c +(Zf € (TTr

free ln B. Then

€ A)B)(TT'  € a)c(r(r) /y)

1g a type rhloh, rhen read aB a propcst t lon, crprcEso{r the arlor
of  obolor.  r  ehal l  oonatruot an obJeot of  th le typer oh obJeot
rhloh ray at the sarc tlnc bc lntcrprctcd ae a proof of the arlor
of  oholoc.  Aleule

€Ar

e (TTr € A) (Zv € B)c.

By TT-efhlnatton,

z(r)  e (Zy€ B)c.

Hakc the abbrcvlatlonr

\
(  Erry (ort) ,)

a
(

\-.---/
P s)

(nr,y)(o,y) .
\-n-/'

q(o)

By Z-clhlnat lon,

p( r(r )  )

q(  z(r)  )

By TI - lntroduottol,

B,

c(p( z(r)) /v\  ,

€

€

(  \ r )p(z(r))  € (TTr €,1)n,

and, by Ti-cquallty,



,2.

( ( t r r )p(z(r)))( ' )  = p("( ' ) )  e n.

By eyrletry,

p(z(r))  -  ( ( ) t r )p(z(r)))(r)  € B,

aad, by subgt l tut lon,

c(p( z(- l l /y)  = c(((  \  x)p(z(r)))(r) /y) .

By cquallty of typee,

q(z(r))  € c(((  \ r )p1z(r)))(r) /y) ,

and, by Tl'- lrtroduotlon,

(  } . r )q(z(x))  € (TTr € A)c(((  \  r )p(z(r)))(r) /y) .

ny *- fntroductton,

(  (  \ r )p(z(r)  ) ,  (  ) .  r )q(z(r)  )  )
€ (Er € (Ttr  € A)B)(TTr € A)c(r(r)  /y) .

"  Ftnal ly,  by TT- lntroduot lon,

(  \ " ) (  ( \  r )p(z(r)  ) , (  I  r )q(z(r)  )  )
€ (TT'  6 A)(Zy € B)c +(Er € ( ITr e l )n)(Tt ' :  € A)c( t ( r ) /v\ .

Thus

(  \ " ) ( ( t r  r )p(z(r)) , ( \  r )q(z(r)))

le thc eonfht  for  proof of  thc ,gt6l  of  oholoe.

Te oonoludo, rc let lng Gonstnrot lve nathelat loe to

prcgranlng lccrs to rc to have a Dencflolal lnfluenoc

oorputer

on both



) ) ,

part les.  Anong thc bencf l ts to bc der lvcd by construct tvc nathe-

nat lcE trol  l ts  agsoclat lon r l th conputer progrannlng, ,one 1s

that you tcc lnnedtatc ly rhy you oannot rely upon the lat  of  er-

oluded nlddIe:  1 is unlnhtbl ted use rould lead to prograns rhtch

you dld not knor hor to creoute. t9!!9l le that you soe the

polnt  of  lntroduclng a fornal  notat ton not only for  proposl t lons,

ao ln propor l t lonal  and predleate logtc,  but  a lso for  their

proofe:  th le ls ncocssary tn ordcr to nake the nethods of  oon-

putat ton tnpl le l t  ln tntul t lonlst lc (oonetruot lve) proofa f t t  for

autorat lc cxcout lon.  And a th l rd 1s that  you ree the potnt  of

fornal lz lng thc prooeas of  reaeonlng: th lg te neoecsary tn ordcr

to havc the poertbt l l ty  of  autonattoal ly ver l fy lng the progranst

oorrcotnese. rn faot ,  t l  thc AuroMATn proof ohcoker had bccn

lrtttcn for the theory of typee lnstcad of thc languagc AUTOMATH,

rrc tould already have a languago r l th the fact l l ty  of  autorat to

cheoklng of  thc corrsotnese of  the prograns forned aooordlng to

1ts nr lce .

rn thc other dlrcot lon,  by ohooelng to progran ln a fornal

languagc for construot lve nathcnat lee,  l lkc the thcory of . typce,

one gets aoocas to thc rholo oonocpaf l l  .noaratua of  pure nathe-

1I_1o"r neglcot tng thoge parte that  depend or l t tcal ly on tho law

of eroluded l lddle,  rhcrcaa cven thc beet htgh level  progrannlng

Ianguagco co far dcslgncd arc rhol ly lnadequate as nathcnat loal

languagee (andr of  oourE€,  nobody has olalncd thcrn to be so).

rn faotr r_fo not thtn! that the e.c-p1oh.{9" loglcal ly ever nore
satlefaotory hlgh level progrannlng languagcs ean etop short of
any_thtng but a language ln rhloh ( ,ooaetruot lve) nathenattce ean
be adequatcly expreeeed.


